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Pointed Coalgebras & Lax homomorphisms

TX = PX
LTSA <= LCoalg(/, T-F ) eg. X A x
X,xg € X, I'-pointed T/(' F (—))-coalgebra

<~
A C XxAxX 12 X5 T(F X)

Lax Coalgebra Homomorphism

(X, x0, ) Point-wise order C on C (X, TZ)
hl e x LSS T(FX)
(Y. y0. ) o hl N lr( F h)
Y0 Y ——= T(FY)

h: X =Y — h (proper) coalgebra homomorphism
is open X reachable C-h=T(F h)-¢



Main Theorem Thorsten WiBmann 6 /17

Main Result
Theorem Branching
Given: Input

e Functors T,F: C — C with order C on C(X, TY)
o F admits precise factorizations w.r.t. S C [C|  ¢gp

oldL T plus axioms (T powerset-like) ©w

Then there is a path category  Path(/, F +1)
and for every h: X — Y in LCoalg(/, TF):

@ hopen & X reachable = h coalgebra homomorphism

@ h coalgebra homomorphism = h open

Canonical Trace Semantics: LCoalg(/, TF) — | |,-, C(/, F"1)

trace(X) = {[W] ’ Jw — X} preserved by

coalgebra hom.
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Definition: F-precise morphism
f: X — FY is F-precise if

X & . Fw X & . Fw

[ T

Fy 2. Fz
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Definition: F-precise morphism
f: X — FY is F-precise if

X —5 5 Fw X —5 5 Fw C
| g )
Fy 25 Fz FY Y —*= D

Intuition in Sets

every y € Y is
= mentioned precisely once
in the definition of f

f: X —FY
is F-precise
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'

q
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@

/
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/

/
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F-precise = every y € Y is mentioned precisely once

Example: FY =Y x Y +{L}and f: X — FY

X Y X Y’LY
Xl—g b4 Xl—g Yi——n
Xzém X Y2 iy
X3/y3 N X3—>y/3/)/3
X4—9 ya X4}YZ ya
f: X—YxY+{Ll} fl: X = Y'xY' + {1}

Def.: F: C — C admits precise factorizations w.r.t. S C |C]

v, X €S, X -2 Fy
Y’ € S, f/ precise: % LFa
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Proposition
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@ Constant functors
@ Products of such functors
© Coproducts of such functors

@ Right adjoints R <= the left adjoint L preserves S-objects
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Proposition

The following functors admit precise factorizations w.r.t. S:
@ Constant functors
@ Products of such functors

© Coproducts of such functors

@ Right adjoints R <= the left adjoint L preserves S-objects

Examples
@ Polynomial functors
@ Analytic functors, e.g. the bag functor (finite multisets)
@ The binding functor [A] on Nominal Sets (A#(—) - [A])

Non-Example
Powerset P because f(x) = {y} = {y,y}
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FX— ()t xxix: 0T O 7@
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Definition: Category Path(/, F) Path P of length

I=Py 25 FP, P12 FP, oo FP,4 o
prefix order
%l2 F¢ol ¢>1lg F¢1l F¢n+1l§ m2>n
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FX— ()t xxix: 0T O 7@
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Definition: Category Path(/, F) Path P of length

I=Py =2 FPy P12 FPy oo FPpn
prefix order
%lE F¢ol ¢>1lg F¢1l F¢n+1l§ mz2n
I=Q0 —> FQ1 Q1 -5 FQ -+ FQu1 -+ FQmi1
Example p P P P2 P ps
1

FX— ()t xxix: 0T O 7@

Relation to final chain of F Truncation order

Full functor  Path(/, F) — (L0 C(/, F"1), <)
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singletons bottom

Pointings:  Id —— T <=1 plus Axioms (powerset-like)
Open map situation J: Path(/, F + 1) — LCoalg(/, TF)
Po 2 FPL+1 P 2S FPy 41

J
L
Po+ P1+ Py —s F(P1+ P2) + 1L TE(Py + Py + Py)
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Reachability

J: Path(/, F + 1) — LCoalg(/, TF)

Definition: (X, xo,&) € LCoalg(/, TF) is reachable
..., if the runs f: JP — (X, xp, &) are jointly surjective.

Theorem
(X, x0,&) is reachable iff it has no proper subcoalgebra.

Coalgebraic definition
of reachability
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T P, P
analytic functors:
F(X) polynomials X,
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C(I,F"1) @ Trees, height n
trace Tree language
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Coalgebras

Tree Nominal
Instances
Automata Automata
C Set Nominal Sets
S C|C| all strong ones
I 1 ATk
T P, Pt Puts, Pt
. 1+[A]IX +AxX
analytic functors: (RNNA)
F(X) polynomials X, . .
.. . [Schréder, Milius
finite multisets
Kozen, W, "17]
. bar-strings
I,F"1) | T heigh
C(I,F"1) @ Trees, height n isupport| < k
trace Tree language bar language
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Instances Tree Nominal Lasota's construction

Automata Automata for P < M [Lasota '02]
C Set Nominal Sets Set!P!
S C|C| all strong ones all
! L AT lo=1,1p =10
T P, Pt Puts: Pt P (per component)

: 1+[A]IX +AxX

analytic functors: (RNNA)
FX) p.o!ynom'al.s x, [Schréder, Milius (|_|]P>(P, @) x XQ)PGP’

finite multisets , QeP

Kozen, W, "17]
. bar-strings .
n o ..

C(I,F"1) @ Trees, height n Isupport| < k 0—-P---—P,inP
trace Tree language bar language Composition has run
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FX ={a} x X + X x X, | = {o}, pi: Pi — FPeoq + {1}

'\'On-Examlo'ep0 P, P P, P P3 P3P,

o—a—n—e
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Tree automata in Sets
I =1, T is P or Pg, Fis analytic.

x= 1] x"/¢G

o/nex

Path(/, F)
Path of length n = ‘partial’ F-tree of height n.

TF-coalgebra homomorphisms

. are open morphisms and thus preserve & reflect tree languages.



Motivation Open Maps Coalgebras Main Theorem Instances | Thorsten WiBmann | co /17

RNNA Schroder, Kozen, Milius, WiBmann '17
TF-coalgebra for T = Pyss FX =1+Ax X+[A]X
| := A#" fixed n € N S = Strong nominal sets

F-precise maps
@ ... don't loose support
@ ... don’t loose order in the support
o if f: A*" — FY is F-precise, then Y = A#™ with
n<m<n+1.

Path(/, F)
Finite sequence of F + 1-precise maps
= essentially bar strings
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Lasota's construction for arbitrary J: P — M Lasota '02

Let JOp = O and the pointing? | = % elsewhere.

F: Setl®l — Set/”l F: (Xp)pep — H P(Xo)FFQ)
Qer Pep

Functor Beh: M — LCoalg(/,F), M — (M(P, M))pcp. ..

“No pointing in [Las02]

F—T-F
T(Xp)per = (PXp)per  F(Xp)per = ( H P(P, Q) x Xo)PeP
QeP

Path-category Path(/, F)

f:xP — FY F-precise iff Y = x@ for some Q € P
= objects in Path(/, F) are: Op —% Py =% Pp--- % P,
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All the axioms

F + 1 admits precise factorizations, w.r.t. S and [ € §

T If (ej: Xi = Y)ie jointly epic, then f - e, C g-egiforalliel = fC g.
[7,L]: Id+1 — T, with Ly-Ix Cf forall f: X - TY
For every f: X = TY, X € S,
f=|HKmnLlly - fCEf|f:X—=>Y+1} i
A—> - TX A/Jj X

vA€s | 4 |m = i>\jxjﬁ; Wﬂxlm

y +1 2%y y +1 24y
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