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an endofunctor
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HΣ
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Efficient Minimization?



Coalgebraic Systems Partition Refinement Correctness Incremental Partitions Complexity | Thorsten Wißmann | 2 / 7

Coalgebras for

an endofunctor
Tree Automata

HΣ

Automata
2× (−)A

Transition
Systems P

LTS
P(A×−)

Weighted Systems
N(−),R(−),D

Segala Systems
P · D(A×−)
P(A×−) · D

m
· lo

g n

m
· lo

gm

Efficient Minimization?



Coalgebraic Systems Partition Refinement Correctness Incremental Partitions Complexity | Thorsten Wißmann | 2 / 7

Coalgebras for

an endofunctor
Tree Automata

HΣ

Automata
2× (−)A

Transition
Systems P

LTS
P(A×−)

Weighted Systems
N(−),R(−),D

Segala Systems
P · D(A×−)
P(A×−) · D

m
· lo

g n

m
· lo

gm

Efficient Minimization?



Coalgebraic Systems Partition Refinement Correctness Incremental Partitions Complexity | Thorsten Wißmann | 2 / 7

Coalgebras for

an endofunctor
Tree Automata

HΣ

Automata
2× (−)A

Transition
Systems P

LTS
P(A×−)

Weighted Systems
N(−),R(−),D

Segala Systems
P · D(A×−)
P(A×−) · D

m
· lo

g n

m
· lo

gm

Efficient Minimization?



Coalgebraic Systems Partition Refinement Correctness Incremental Partitions Complexity | Thorsten Wißmann | 2 / 7

Coalgebras for

an endofunctor
Tree Automata

HΣ

Automata
2× (−)A

Transition
Systems P

LTS
P(A×−)

Weighted Systems
N(−),R(−),D

Segala Systems
P · D(A×−)
P(A×−) · D

m
· lo

g n

m
· lo

gm

Efficient Minimization?



Coalgebraic Systems Partition Refinement Correctness Incremental Partitions Complexity | Thorsten Wißmann | 2 / 7

Coalgebras for

an endofunctor
Tree Automata

HΣ

Automata
2× (−)A

Transition
Systems P

LTS
P(A×−)

Weighted Systems
N(−),R(−),D

Segala Systems
P · D(A×−)
P(A×−) · D

m
· lo

g n

m
· lo

gm

Efficient Minimization?



Coalgebraic Systems Partition Refinement Correctness Incremental Partitions Complexity | Thorsten Wißmann | 2 / 7

Coalgebras for

an endofunctor
Tree Automata

HΣ

Automata
2× (−)A

Transition
Systems P

LTS
P(A×−)

Weighted Systems
N(−),R(−),D

Segala Systems
P · D(A×−)
P(A×−) · D

m
· lo

g n

m
· lo

gm

Efficient Minimization?



Coalgebraic Systems Partition Refinement Correctness Incremental Partitions Complexity | Thorsten Wißmann | 3 / 7

1. Assume
everything
equivalent

2. Have
a quotient

of X

3. Unravel
ξ : X → HX
by one step

4. Pick some
of the new
information

refine further

X

1

!

Q := ker a

X

A

a

P := ker(ξ · Ha)

X

HX

HA

ξ

Ha

X

X/P B

X/Q

heuristic

consider X
a′−→ A× B

Heuristic id on X/P :

Use all immediately

Heuristic in Set:

Process “smaller half”
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Assume

Finitely complete, H mono-preserving,
(RegularEpi,Mono)-factorisations

Theorem (Correctness)

X HX

X/Pi H(X/Qi )

ξ

If Pi
∼= Qi , then this

1 is a coalgebra

2 has no proper quotient
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Incremental partitions

Q := ker a

X

A

a

Q ∩ ker b

X

A×B
〈a,b〉

P := ker(ξ · Ha)

X

HX

HA

ξ

Ha

???

X

HX

H (A×B)

ξ

H〈a,b〉

Theorem: In Set, kerH〈a, b〉 = ker〈Ha,Hb〉 if

H(L + R)
↓ monic

H(L+1)× H(1+R)

“zippable”

and
ker a ∪ ker b

a kernel
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Category:

Setting for complexity analysis

Heuristic: Functor:

Set smaller half
zippable &
encoding

Assumption: Functor encoding

coalgebra structure as edges with labels

X
ξ−→ HX

[−→ P(L× X )

compute “smaller half” heuristic in linear time

Theorem

Overall complexity: O((m + n) · log n) for n = |X |, m =
∑
x∈X
|[ξ(x)|
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Functors H zippable, if

H(L + R)
unzip−−−→ H(L + 1)× H(1 + R) is monic.

E.g. Id, Constants, ×, +, ↪→, M(−), part. additive

Examples for sets L = {a1, a2, a3}, R = {b1, b2}, 1 = { }

a1 a2 b1 a3 b2

(a1a2 a3 ,
b1 b2)

unzip

(−)∗ is zippable

{a1, a2, b1}

({a1, a2, },
{ , b1})

unzip

P is zippable

{
{a1, b1}, {a2, b2}

} {
{a1, b2}, {a2, b1}

}
(
{
{a1, }, {a2, }

}
,{

{ , b1}, { , b2}
}

)

unzip unzip

PP is not zippable

Composition

Quotients
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A
a←− X

b−→ B

ker a ∪ ker b a kernel in Set

⇔ ker a ∪ ker b transitive

⇔ ∀x ∈ X : [x ]a ⊆ [x ]b or [x ]a ⊇ [x ]b

Example

• • • • •

• • • • • X/ ker a

X/ ker b

Non-Example

• • •

• • • X/ ker a

X/ ker b

Process smaller half for X
f
� F

g
� G

Find x ∈ X , with S := [x ]f , C := [x ]gf , such that 2 · |S | ≤ |C |.
Return 〈χS , χC 〉 : X → 2× 2
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Functor encoding

internal weights W , w : HX → PX →W

edge labels L

[ : HX → Bf(L× X )

update : Bf(L)

edges into S

×W

weight of C

−→ W

weight of S

× H(2× 2)

H〈χS , χC 〉

×W

weight of C \ S

Functor: G (−) Bf D P HΣ

Labels L: G N [0, 1] 1 N
Weights W : G (2) Bf2 D2 N HΣ2
w(C ), C ⊆ Y : GχC BfχC DχC |C ∩ (−)| HΣχC
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Future work

Implementation & Benchmarking

O(m · log n) on P(A×−)

ker〈Ha,Hb〉 = kerH〈a, b〉 outside of Set?

Further functors, e.g. monotone neighbourhoods.
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