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The Coalgebraic Task

For a functor F : C → C
Given a coalgebra C FC

C ′ FC ′

c

h Fh

c ′find the

no proper
quotient

all equivalent
behaviours
identified

simple quotient

Insta
nce

In
sta

n
ce

Instance

Instance

For 2× (−)A :Set

Automata
minimization

For P :Set

Bisimilarity
minimization

For R(−) :Set

Markov chain
lumping

· · ·
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Functors F zippable, if

F (L + R)
unzip−−−→ F (L + 1)× F (1 + R) is monic.

E.g. Id, Constants, ×, +, ↪→, M(−), part. additive

Examples for sets L = {a1, a2, a3}, R = {b1, b2}, 1 = { }

a1 a2 b1 a3 b2

(a1a2 a3 ,

b1 b2)

unzip

(−)∗ is zippable

{a1, a2, b1}

({a1, a2, },
{ , b1})

unzip

P is zippable

{
{a1, b1}, {a2, b2}

} {
{a1, b2}, {a2, b1}

}
(
{
{a1, }, {a2, }

}
,{

{ , b1}, { , b2}
}

)

unzip unzip

PP is not zippable

Composition

Quotients
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Functor encoding

internal weights W , w : FX → PX →W

edge labels L

[ : FX → Bf(L× X )

update : Bf(L)

edges into S

×W

weight of C

−→ W

weight of S

× F (2× 2)

F 〈χS , χC 〉

×W

weight of C \ S

Functor: G (−) Bf D P FΣ

Labels L: G N [0, 1] 1 N
Weights W : G (2) Bf2 D2 N FΣ2

w(C ), C ⊆ Y : GχC BfχC DχC |C ∩ (−)| FΣχC
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1. Assume
everything
equivalent

2. Have a
quotient

on C

3. Unravel
c : C → FC
by one step

4. Pick some
of the new
information

refine
further

C

1

!

Q := ker a

C

A

a

P := ker(Fa · c)

C

FC

FA

c

Fa

C

C/P B

C/Q

b

heuristic

C

A× B

a′=〈a,b〉

id on C/P:
use all new
information

use smaller
half
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Factorizations

Equivalence Relations ∼= Quotients ∼= Partitions

Kernels ∼= Regular Epimorphisms

Category with (Regular Epi,Mono)-Factorizations

1 2

3 4

1 2

3 4

1
5

3
42

ker f X Y

Image
of f

f

1

3
42

ker f = {(x1, x2) ∈ X 2 | f (x1) = f (x2)}
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Category with (Regular Epi,Mono)-Factorizations
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5
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Genericity: Initial partiton

Given
C

c−→ FC

Usual partition refinement algorithms

Return coarsest partition compatible with c , refining C
κ
� I

⇐
⇒

Coalgebraic partition refinement for I × F

For the coalgebra C
〈κ,c〉−→ I × FC
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Genericity: Composition

If F finitary,

C FG C  D GC

FD

c d

Fd
c ′

A coalgebra on Set2 for the functor (X ,Y ) 7→ (FY ,GX ):

(C ,D)
(c ′,d)−→ (FD,GC )

Examples

P · (A× (−)) (2× P) · (A× (−))

P · (A× (−)) · D P · D · (A× (−)) . . .
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A
a←− X

b−→ B

ker a ∪ ker b a kernel in Set

⇔ ker a ∪ ker b transitive

⇔ ∀x ∈ X : [x ]a ⊆ [x ]b or [x ]a ⊇ [x ]b

Example

• • • • •

• • • • • X/ ker a

X/ ker b

Non-Example

• • •

• • • X/ ker a

X/ ker b

Process smaller half for X
f
� F

g
� G

Find x ∈ X , with S := [x ]f , C := [x ]gf , such that 2 · |S | ≤ |C |.
Return 〈χS , χC 〉 : X → 2× 2
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Heuristic

1 1 12 2 2

3 3 34 4 4

C C/P C/Q

B

p

heuristic

Use all new information

B = C/P  Final Chain algorithm König, Küpper ’14

Process the smaller half

Let S ∈ C/P, such that 2 · |S | ≤ |p(S)

Surrounding block in C/Q

|

B = {
{3}

ChosenBlock,
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Process the smaller half

Let S ∈ C/P, such that 2 · |S | ≤ |p(S)

Surrounding block in C/Q

|

B = {
{3}

ChosenBlock,
{2, 4}

SameSurroundingBlock,
{1}

RemainingBlocks}



Efficient and Modular Coalgebraic Partition Refinement tinyurl.com/coalgebra | Thorsten Wißmann | ∞ / 5

References

Christel Baier, Bettina Engelen,
Mila Majster-Cederbaum. “Deciding Bisimilarity and
Similarity for Probabilistic Processes”. In: J. Comput.
Syst. Sci. 60 (2000), pp. 187–231.

Agostino Dovier, Carla Piazza, Alberto Policriti. “An
efficient algorithm for computing bisimulation
equivalence”. In: Theor. Comput. Sci. 311.1-3 (2004),
pp. 221–256.

David Gries. “Describing an algorithm by Hopcroft”. In:
Acta Inf. 2 (1973), pp. 97–109. issn: 1432-0525.

John Hopcroft. “An n log n algorithm for minimizing
states in a finite automaton”. In: Theory of Machines
and Computations. Academic Press, 1971,
pp. 189–196.



Efficient and Modular Coalgebraic Partition Refinement tinyurl.com/coalgebra | Thorsten Wißmann | ∞ / 5

Barbara König, Sebastian Küpper. “Generic Partition
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